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Introduction 

 In this paper, we are going to introduce the guidelines of a learning design for primary 

education we named Math in Color. 

We will examine the hows of these three aspects: 

¶ How is that we pose learning arithmetic operations as actions. 

¶ How children could conform mental schemas out of such actions. And,  

¶ How children’s solving-problem ability could be improved from such schemas. 

The design we will introduce has been tested with encouraging outcomes. To exemplify 
these outcomes, we will present samples hand-written by children participating in the 
validating experiences.  

In the first of these experiences, we tutored along 4 years a group of 10 children who 
faced learning difficulties. The second was carried out under actual classroom conditions 
in a setting of harsh economic situation such as poverty, family dysfunction, school 
desertion, that was a low-income neighborhood in Medellin (Colombia). 

Conceptual premises 

In our endeavor, we found of great help following concepts from genetic epistemology. 
They provided us with theoretical support and guidance along the design and testing 
processes. 

Our starting point is the statement that transformative actions stand at the base of all 
knowledge, a subject interacting with her natural environment and her socio-cultural 
surroundings (Piaget, 2008/1967). And this is so both in psychogenesis as well as in history 
(Piaget & García, 1982/1972).  The grounding concepts are (Piaget & García, 1997/1980): 

¶ Action- based Schemas 

¶ Assimilation of schemas 

¶ Accommodation of schemas 

At the core, it is about answering the question of ¿how do we learn from an action 
iterated many times, as assimilation- accommodation? 

Let’s see an example, somewhat schematic, but that can help us follow the thread from 
 these concepts to the approach leading to the design (Figure 1).



 
 

2 
 

The action: Turning the steering 
wheel in one direction so that 
the vehicle will move in that 
sense.  In our first time we would 
either be following somebody’s 
indication, or by imitation, or by 
discovery. At the beginning, we 
would feel insecure. 

Iterated practice with this form of 
action will end up in a sort of skill 
we perform without thinking 
¿How do I do it? First this, later 
that… No, we perform it at once.  

It may be said that we have incorporated what it is called the schema of this action into 
 our cognitive repertoire. 

And, ¿if we were to find and obstacle on the road, in front of us? We would steer the 
wheel appropriately in the direction demanded by this new situation. We have been able 
to assimilate the new situation into the schema we previously acquired.  Also, we have 
accommodated this situation turning the wheel in the adequate direction in order to 

 achieve an efficient outcome. 

And, ¿if we were to find a new obstacle after the first one? We would coordinate a 
steering action after the other in order to overcome the new situation. It is a sequence of 

 coordinated actions. In such a case we would be incorporating a constructive novelty into 
 our schema, a new learning.

Again, ¿if we would see a traffic signal that has been placed instead of a turning action? 
 We would assimilate it into the schema and would perform accordingly.

 However, ¿how could we take such a stance coming from physical interactions, into the 
conceptual and symbolic field par excellence which is mathematics? This is what we’ll try 
to answer. 

Our work hypothesis is: 

If we were able to determine the action-based schemas which predate arithmetic 
operations, we would be in a better position to improve learning environments, 
enabling children to make sense of arithmetic operations. Therefore, in making 
sense via action-based schemas, student’s ability to solve word-problems would 
significantly improve. 

In consequence, our search was an attempt to establish those primeval schemas of action 

which could have laid down the foundations of arithmetical knowledge. 

Figure 1. Configuration of an action-based schema 
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Here, we are not going to present those historical scenarios. Instead, we will show the 

schemas which we found in those scenarios as corresponding to each of the arithmetic 

operations. These action-based schemas we shall present when showing our learning 

design. Besides, we will present only a short but necessary reference to those schemas in 

the formation of the concept of natural number and of addition/subtraction. The bulk of 

this examination will focus on the schema underlying multiplication/division. We hold that 

this schema is a corner-stone, a basic pillar for conceptualizing subsequent schemas for 

concepts like quotient, fractionary numbers, ratios and functions, among other 

fundamental aspects of mathematical thinking.  

Before presenting the schemas for the arithmetic operations, we need to address to the 

question of what action-based schemas in a conceptual and symbolic field such as 

arithmetic operations would be like, in the range of factual arithmetic making as an action 

differentiated from others. 

Characterizing actions underlying arithmetic operations 

When we speak of actions, many things could be understood. This is why it is necessary to 

characterize those actions pertaining to the arithmetical undertaking. 

¶ They are purposive rational actions, i.e., “goal-oriented rational actions” 
(Habermas, 1992/1981). 

¶ They are oriented to counting and measuring. Their goals have been stated so, by 
mathematicians along history. (Descartes, Gauss, Riemann …). 

¶ As every other action, these actions are framed in a spatial-temporal succession 
exhibiting a before and an after. 

¶ They are reversible. 

These last two features, which have become veiled by symbolic formalization, are the 

ones we have placed focus on in our design, particularly in what is referred to problem-

solving. 

As to the goals, there is a necessary differentiation between cultural Purpose of counting, 

for instance: bringing 4 sheep into a herd of 20, on the one hand; and, Intentionality of the 

action itself, for instance: adding 4 things to 20 things of the same class, on the other. 

Cultural purposes are external to the action underlying arithmetic operations.  They are 

left aside in symbolic formalization. 

Characterizing the action as factual action. The making  

As to these actions as a factual making, there are many historical references about the 

action of counting with tangible objects, which was gradually replaced by the worldwide 

spread of the place-value decimal system.  These were actions with tangible objects 

arranged by hand in spatial frames of reference such as abacus, accounting tables, etc. 

(See figure 2).  
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However, perhaps the most important aspect about this type of 

actions is that the following three features became constituents of 

factual arithmetical actions, and this is so from the concept of natural 

number, through the actions of adding or removing quantities, to 

multiplicative structures arranging groups made out of groups of 

those quantities:  

¶ Step-by-step procedure. 

¶ A sequence is demarcated in a table in which every point is 
both spatial and temporal. 

¶ Every point or moment is determining factor with respect to 
the action as a whole. 

Dynamics of schemas  

Now, let’s take a look to what we have established from the historic analysis as a 

dynamics that would have laid down the schemas for each of the arithmetic operations. 

We can think of schemas like ways of making, as we said before.  In these ways we can 

recognize two aspects:  

¶ First, an orderly way of making, in a spatial-temporal succession, and,  

¶ An intentionality leading the action to an increased organizing of the number.  

Actions become more and more embracing regarding the scope of the goals, and more 

synthetic in the procedures. There is a trend towards economy of the action: A succession 

of simple units, such as that of the formation of the natural number, is followed by 

sequences of sequences. The number becomes organized in increasingly more complex 

ways. Schemas that became consolidated are those step-by step procedures that have 

been successful for purposes of calculation. See figure 3. 

 
Figure 3. Dynamics that set up schemas of factual counting actions 

Figure 2.  Engraving: Madame 

Arithmetica, by Gregor Reisch, 1508 
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The path from the factual 

making to formalization 

could be summarized in 

the following way:  

Arranging tangibles on 

physical supports such as 

abacus or counting tables 

allowed empirical 

verification of quantity 

transformations and of 

their successful outcome 

in terms of quantity 

conservation.    

Orderly sequences could be envisioned as an action implying the following, as well as 

enabling to anticipate the outcome, that is, making inferences. In this manner, schemas 

would become increasingly abstract, that is to say, without reference to actual amounts, 

neither visualizing the spatial-temporal sequence. Symbolic formalization begins at this 

point. See figure 4. 

The interface History- Individual learning 

The question now is ¿could students achieve learning of the arithmetic operations 

similarly to the development of those primordial schemas in the history of mathematics? 

Indeed, ¿why the interface between history and individual learning is possible? The 

answer lies in the fact we stated earlier that the intentionality of the action itself is 

independent from its cultural purpose.  

This means, in first place that work in mathematics can be carried out in any cultural 
context. In second place, we can choose at will the tangibles to be used. And, finally, 
timing in history refers to millennia and centuries of experiential practices: failed actions, 
successful actions repeated no one knows how many times…  From there, we have the 
symbolic formalizations as a cultural legacy. In consequence, today we know beforehand 
where the action will lead us to and, therefore, it is possible to reduce the scale of time.  
Our learning design was grounded on this heritage.  

Another question remains: we assumed that a new schema is built over another one, then 
¿building from which previous schemas could children assimilate and accommodate the 
new schemas pertaining to the number?  As we shall see later, schemas pertaining to the 
number could be assimilated into those schemas set up by children in daily life 
experiences. For instance: 

Å One-to-one correspondences to set the dining table. 

Å A dish is broken and their parts are glued together again. 

Figure 4. From action to formalization 
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Å A drawer containing several equal smaller boxes, several times. 

Å Small boxes containing each equal amount of marbles, and the big drawer contains 
all the marbles. 

 It is worth noting that in historical contexts, as we have seen, there is a sequential 

constructive order.  The same cannot be expected in the individual process of each 

student.  Every child would have at her disposal a unique cognitive repertoire. Therefore, 

what could be expected is not a linear learning; instead, trials and errors, anticipation of 

schemas, incomplete schemas in process and so on. We shall see examples of this. 

The “Math in Color” learning design 

Once these questions have been settled, we can go on to our learning design. To start 

with, the goals of the scenarios for children were posed close to what could be the 

schemas achieved by them from actions with concrete objects in everyday surroundings, 

such as: The game of putting in and taking away, How much is the difference, How much bigger 

How much smaller, Those that fit Those that do not, Adding and removing with groups of 10, 

Naming the parts of a whole. 

At first, children are expected to perform actions with tangibles; next, to portray these 
actions in pictorial forms, in words and, finally, in symbolic representation.  Besides, they 
will experience guided problem solving in daily life contexts. In the worksheets for 
students we did not use any of the technical terms we employed for the analysis. They are 
written in common language. 

It is worth mentioning that Medellin’s children worked with our design a limited span of 8 
months, and only in those subjects related to integers.  

Schemas preceding multiplication/division 

Here, we are going to present only some 
examples of our designs for children to 
achieve the schemas pertaining to 
multiplication/division. However, before 
working with experimentations intended 
for multiplication/division, children should 
have accommodated those schemas 
pertaining to the natural number and to 
addition/subtraction. As said previously, 
these schemas were derived from the 
historical analysis.  

It is expected that these schemas previously achieved by children, would encompass the 
successive action one more, one name, one symbol (behind natural numbers) and, the 
sequence of adding or removing quantities in a part-whole relation (beneath addition and 
subtraction), under a total quantity conservation. See figure 5. 

Figure 5.  Schemas previous to experimentations for multiplication/division. 
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. 

The multiplication/division schema 

We can consider that the action of grouping equal amounts of units is at the base of 
multiplication/division. Making groups with equal quantities.  

Two actions could be derived from this quantity-group: 

¶ Making up a larger quantity aggregating quantity-group once, twice… 

¶ Sharing out a larger quantity into several equal groups once, twice … so many 
times. 

Accommodation of those schemas in a wider schema will entail two novel constructions: 

¶ On one hand, the sequential counting of units now becomes counting groups of 
those units.  

¶ On the other, the accommodation of how many times is performed in a sequence 
for aggregating or sharing out, which entails an arrangement of the quantity in a 
one-to-several correspondence. 

In this schema, the sequence of units determining the number of times does not make 
part of the resulting quantity; instead, it is referential for the action. 

Thus, there are three spatial-temporal sequences in such an operational action: First, the 
making groups of single units; second, setting in a one-to-several correspondence; and, 
third, counting groups. See figure 6. 

 

Figure 6. Schema of actions for making groups. Multiplication/Division 
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Children at work  

The child in figure 7 is working with one of the standard tangibles in our design, so called 
Alandra’s box. It allows appreciation of the quantity in close correspondence with the 
pertaining numeric symbol; also, as independent from the originating sequence. Here, she 
is experiencing the basic action for multiplication/division: making equal groups of single 
units and making up a larger amount gathering these groups; and, the reverse process of 
breaking down in equal groups. The focus here is on ¿how many units are there in each 
group?  

 

 

Even though the exercise shown 
in figure 8 is a similar to the 
preceding one, the focus here is 
on ¿how many groups are there?  

Thus, children can coordinate the 
three quantities involved in 
multiplication/division in one 
single fact: ¿How many units are 
there in each group? ¿How many 
times these groups are added? 
¿How much is the resulting 
quantity? 

Figure 7. Making equal groups with Alandra’s box  

Figure 8. Coordinating quantities in one single action  
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After Iterated experiences intended for children to become aware of how they perform 

this action, they would be able to express the coordination of those three quantities as 

multiplication at once. See figure 9. 

                                              Figure 9 

The activity with tangibles shown in figure 10 representing multiple-submultiple as 

container-contained is close to schemas related to daily life actions like keeping things in 

drawers arranged in compartments. 

 

Figure 10. Multiple-submultiple as container-contained 
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Experiencing in order to accommodate 

 

It could be thought that 
working with tangibles 
and/or with pictorial 
representations would 
suffice for children to 
readily coordinate those 
quantities. However, a 
look into the worksheets 
makes evident that they 
indeed require several 
experimentations before 
reaching effective 
accommodation of such 
coordination. See figure 
11. 

                                                                     Figure 11 

The activities shown in figure 12 are another way of experiencing multiplicative 
relationships with square and rectangular fittings. From this experiencing, children are 
expected to establish that an amount does not always fit exactly into another and, 
therefore, there might be a remainder.  

 

Figure 12 
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An example of difficulties in figure 13: This 
child skipped the initial arranging of 
tangible cubes. Instead, he attempted to 
make the fittings directly on the grid in the 
worksheet. We have found that initial 
actions with tangibles were the entrance 
door to the proficiency for working this 
type of fittings, both in pictorial and 
symbolic representation.  

 

 

         Figure 13 

Besides Alandra’ boxes, the cube calculator is another salient tangible in our resources. In 
the arrangements shown in figure 14, the round tokens signal the how many times the 
group of cubes is gathered. The sequence goes in both directions: gathering or sharing out 
equal groups of cubes. 

 

Figure 14 



 
 

12 
 

 

 

 

After repeated actions gathering and sharing out equal 
groups of cubes, children attempt finding symbolically 
the unknown, transferring terms in a simple equation. 
Here, assimilation to the schema of reversing the 
action is made.  At this point, it is assumed that 
symbolic expressions would make sense for children, as 
a synthesis, rather, as schemas they may have achieved 
along these experimentations. See figure 15. 

 

 

However, some children still will not be quite sure. They would like to know ¿which sort of 
actual arrangements these symbols correspond to? See figure16. 

 
Figure 16 

Well, finally working with symbolic formalizations. This is the arrival point, not the starting 
one. See figure 17. 

 
Figure 17. Finally working with symbolic formalizations 

 

Figure 15. Reversing the action in symbols 
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Children solving problems in daily life situations 

Let’s go back to the question in our hypothesis ¿would our learning design improve 
student’s ability to solve word-problems in daily life situations? 

Solving word-problems starts from a narrative in natural language about some event in life 
involving actual objects. Children may understand the reading of the narrative or not.  But 
we have found many cases in which children who can understand the text are not able to 
solve the arithmetic problem, ¿why? 

The possibility of assimilation would lie down in the passing from the schema underlying 
the event in the narrative to the schema of the arithmetic action of the same order. Upon 
assimilating into the arithmetic schema, children would be able to find which one is the 
problem unknown, which could either be:  

¶ A missing part of a known whole,  

¶ The total amount starting from known parts, 

¶ The quantity resulting from equally sharing out a known total quantity, or  

¶ The number of times a known total amount is shared into equal groups each 
containing a known quantity of things. 

Our expectations were that children could tackle the solution under the configuration of 
schemas they would have achieved in the experimentations proposed in our design. In 
such case, they would be using strategies corresponding to that configuration, like: 

¶ Arranging known quantities in one-to-one correspondence, or  

¶ Setting in a correspondence one-to-several as if actually making a sharing out in an 
orderly one-to-one sequence.  

¶ Following this arranging, the child would envision the amount to be found, and to 
do so, she will perform a counting on the arrangement she previously made.  

Over all, it is about arranging things found in daily life under guidelines proceeding from a 
goal-oriented making. This is quite apparent in the examples of worksheets from children 
engaged in problem solving, we shall show following. 
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Examples hand-written by children 

 

In figure 18 what we could call a most 
anthological infantile solution. It belongs to a 
child that came to our tutorial center with 
serious learning difficulties. He was not even 
able to make pencil traces in the notebook. 
Three and a half years later, we have this.  

It is a solution without formal operations.  He 
was able to obtain it setting a one-to-several 
correspondence and the ensuing counting of 
groups.  
      
                                                                                                                   
 
                                                                                                                                                 Figure 18 

This same child made this synthesis of the schemas he represented in paper. In figure 19: 

 

Figure 19 

Asked to explain more clearly why there were nails left, he quickly got a blank sheet of 

paper, made this drawing and said: “We run out of tables. Five nails left” (figure 20). 
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Figure 20 

Let’s see now what Medellin’s children did when confronted with a sheet showing only 
enunciations at the post-test. We are going to see some examples of arrangements in 
pictorial representation.  

The one shown in figure 21 belongs to a 7 –
year first grader, who experienced games 
with correspondences using the tangibles of 
our design. He and his mates knew little 
about formal arithmetic operations. 

Å First thing to notice is the linear 
arrangement of quantities, 
disposed to facilitate counting. 
Quantities are grouped according 
to the marble color. 

Å Pencil traces can be seen in place of 
the factual making of sharing out 
and setting in correspondence 
marbles with the children.  

Å Finally, he expresses in natural 
language the awareness of what 
he has done.  

                                                        Figure 21 

The representations in figure 22 amazed us. These children had not experienced before 
the action of sharing out a total amount in equal groups. ¿Is it likely to think that there is a 
spontaneous tendency to arrange in groups, that arose from the preceding schema of one-
to-one and one-to-several correspondences they indeed had experienced? 
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Figure 22 

 

These examples of failed attempts (figure 
23) led us to believe that the difficulty to 
represent the action is not due to inability 
to make drawings. Rather, it is due to the 
lack of an orderly arrangement of the 
action. This orderly arrangement, we think, 
is behind achieving the schemas of 
arithmetic operations. 

 

Figure 23 

 

Next solutions belong to third graders, who had been bustling with the times-tables prior 

to working with our design.  

When solving problems, they relied, instead, to 

pictorial representations of grouping and setting 

one-to-several correspondence, to finally count the 

requested number of times, as can be seen in 

figure 24. 

 

Figure 24 
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In figure 25, more expressions of the same type 
of grouping and setting in correspondence. Such 
arrangements facilitate the counting to find the 
requested number of times. 

 

 

 

Figure 25 

 
Next, shown in figure 26 is another problem demanding setting groups in correspondence. 
Besides, here it is necessary to add an amount external to the number of times.  

 

 

Figure 26 
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What draws the attention in above examples is the action of counting groups in sequence, 
expressed in different ways. In all cases, is remarkable the importance of the orderly 
arrangement of quantities in spatial sequence, set in correspondence with the temporal 
sequence of the number of times. Finally, at the bottom, the only case of solution by 
symbolic means only. 

Quantitative outcomes 

At the end of the school year, second and third grades of the Medellin experience were 
compared with similar groups that had received conventional instruction in mathematics. 
The percentage of success in answering a 20-item post-test is presented in table 1. It is 
noticeable that children that worked with our design outperformed control group 
students, both in reading comprehension as well as in problem solving. 

 Ave. age 

Reading 

comprehension 

complex 

problem* 

Success in 

solving 

complex 

problem* 

Mean 

group 

score* 

Standard 

deviation 

THIRD 

     Experimental (N=30) 8.6 89.3% 36.7% 60.8% 19.6% 

Control (N=26) 9.3 45.4% 7.7% 34.5%1 22.5% 

SECOND 

     Experimental (N=41) 7.6 52.7% 51.9% 62.1% 23.8% 

Control  (N=30) 8.0 43.3% 10.0% 34.4% 22.5% 

¶ Differences are statiscally significant 

Table 1: Percentages of students succeeding in reading comprehension and problem solving 

Conclusions 

In general, the solutions worked out by children tend to show certain recurrent features.  

¶ Arranging the quantities, whether in linear dispositions or as groups. 

¶ Allocating either in one-to-one or one-to several correspondences, as sequential 
arrangements. 

¶ Orderly and sequential counting, as once, twice, thrice…  

¶ Coordinating quantities as parts-whole, clearly showing the goal of that counting, i. 
e., the answer. 

¶ Maintaining the conservation of the total quantity. 

                                                           
1 It is worth noting that this result is similar to the scores obtained by Colombia in international 

comparative assessments, such as TIMSS (1995 and 2007) and PISA (2006). 



 
 

19 
 

In a very large percentage of cases, the amount searched for is not found as the outcome 
of formal operations. Instead, it is found by means of arranging in correspondence the 
quantities in the problem narrative, as if they were actual things; then, they perform a 
counting of what they need on these organized quantities, in order to find the answer. 

We may assume that those recurrent aspects are the invariants in the schemas underlying 
arithmetic operations. They can be conceived of as achievements by children, attained as 
assimilations in previous schemas coming from daily life experiences with actual objects, 
now, accommodated in new schemas pertaining to the number.  

Then, we can assume that those children who were in better position to solve problems, 
were those able to incorporate these schemas into their cognitive repertoire. 

These invariants correspond to those of the schemas we found in the historic-
archeological analysis, which were the basis for the learning design we have just showed.  

Confidently, we could say that these outcomes are encouraging as to the validity of both 
posing arithmetic operations as actions, and of the learning activities designed 
accordingly. 

The significance of these schemas is that they represent the entrance door for children to 
arithmetic as well as to mathematical knowledge at large.  

Projections 

Besides the obvious extension of this approach to the teaching/learning of more advanced 
aspects of mathematics, our current work is oriented to examine the problem of the 
meaning of arithmetic operations, under the hypothesis that pictorial representations as 
the ones we have just shown, are frames of meaning.  

It is an open question for us whether, when and how the experiences we have shown 
could be taken into virtual learning environments.  

In certain occasion Einstein said: ““Geometry is only points in space, but the important 
thing is the event”. Hopefully, we could contribute to re-orient mathematical education by 
such awareness. 
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